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1. Introduction 

In this paper we derive a covering for the modified Khokhlov-Zabolotskaya equation [20] 
(or the dispersionless modified Kadomtsev-Petviashvili equation, [6]) 

Uyy = Uf X + (\U X ~ Uy) U XX (l) 

from Maurer-Cartan forms (MC forms) of its symmetry pseudo-group. 

Coverings [17, 18, 19] (or prolongation structures [30], or zero-curvature representa- 
tions [31], or integrable extensions [1]) are of great importance in geometry of differential 
equations. They are a starting point for inverse scattering transformations, Backlund 
transformations, recursion operators, nonlocal symmetries and nonlocal conservation 
laws. Different techniques are developed for constructing coverings of partial differential 
equations (PDEs) in two independent variables, [30, 7, 8, 13, 21, 22, 28, 14], while in 
the case of more than two independent variables the problem is more difficult, see, e.g., 
[25, 26, 32, 29, 21, 11, 12]. In the pioneering work [20], Cartan's method of equivalence 
was applied to the covering problem for equations in three independent variables. One 
of the results of [20] is a deduction of the system 

ih = (v 2 - u) v x -u y -vu x , (2) 
v y = vv x -u x , (3) 
whose integrability conditions coincide with the Khokhlov-Zabolotskaya equation [16] 

Uyy = U tx + U U xx + u\. (4) 

In terms of [17, 18, 19], system (2), (3) defines an infinite-dimensional covering for equa- 
tion (4). Also, a Backlund transformation from (4) to (1) is found in [20]: from (3) it 
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follows that there exists a function w such that w x — v and w y = | v 2 — u; then from 
(2) it follows that w satisfies (1). 

The present paper is an attempt to clarify the method of [20]. We apply Cartan's 
method of equivalence, [2]-[5], [10, 15, 27, 9], to compute MC forms for the pseudo-group 
of contact symmetries of (1) and then find their linear combination that gives covering 
equations for (1). 

2. Cartan's structure theory of contact symmetry pseudo-groups of DEs 

In this section, we outline the algorithm of computing MC forms for pseudo-groups 
of contact symmetries for DEs of the second order with one dependent variable, see 
details in [23, 24]. All considerations are of local nature, and all mappings are real 
analytic. Let ir : M. n x H. — > IR n be a vector bundle with the local base coordi- 
nates (a; 1 ,...,!") and the local fibre coordinate u; then by J 2 (ir) denote the bundle 
of the second-order jets of sections of n, with the local coordinates (x\ u, Ui, Uij), 
i,j E {l,...,n}, % < j. For every local section (x\f(x)) of 7r, denote by j2{f) 
the corresponding 2-jet (x\ f(x), df(x)/dx\ d 2 f(x)/dx l dx j ). A differential 1-form d 
on J 2 {it) is called a contact form if it is annihilated by all 2-jets of local sections: 
J2 (/)*"$ = 0. In the local coordinates every contact 1-form is a linear combination of 
the forms $o = du — U{ dx l , $j = dui — dx\ i,j G {1, n}, Ujt = (here and later 
we use the Einstein summation convention, so Uidx 1 = ^2™ =1 Uidx 1 , etc.) A local dif- 
feomorphism A : J 2 (vr) — > J 2 {j), A : (x l ,u,Ui,Uij) i— > (x\ u, Ui, Uij), is called a contact 
transformation if for every contact 1-form ■§ the form A*d is also contact. We denote 
by Cont(J 2 (7r)) the pseudo-group of contact transformations on J 2 (n). 

Let Jfbea open subset of R(2n+i)(n+s)(n+i)/3 with local coor dinates (a, b\, c\ f ik , 
g t , Sij, wf p z ijk ), i,j,k e {l,...,n}, % < j, such that o^O, det(^) ^ 0, f ik = f ki and 
Zijk = Zikj = Zjik- Let (B % k ) be the inverse matrix for the matrix (bf ), so B l k bf = 8\. We 
consider the lifted coframe 

o = a^ o , &i = giQo + aB$& k , E l = c l O + f k <d k + b\dx\ 

= Sy 9 + Q k + z ijk E k + a B{ B{ du kh (5) 

defined on J 2 {it) x "K. As it is shown in [24], the forms (5) are MC forms for Cont(J 2 (7r)), 
that is, a local diffeomorphism A : J 2 (vr) x % — > J 2 {it) x "K satisfies the conditions 
A* O = ©o, A* Gj = Qi, A* = E\ and A* S^- = E tj if and only if it is projectable 
on J 2 (vr), and its projection A : J 2 {ji) — > J 2 {n) is a contact transformation. 
The structure equations for Cont(J 2 (7r)) have the form 

d& = $jj A O + S' A 9,, 

dQ, = $o A O + $ k AQ k + E k A 

dE i = $o A — $ l fc A E k + ¥° A ©o + A G k , 

d^j = A S fej — $o A E - + T?. A 0o + T£. A fe + A ijfe A 
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where the additional forms $q, <3>f, \t r * J ', Y°-, Y^., and A ijk depend on differentials 
of the coordinates of K. 

Suppose £ is a second-order differential equation in one dependent and n 
independent variables. We consider £ as a submanifold in J 2 {it). Let Cont(£) be 
the group of contact symmetries for £. It consists of all the contact transformations 
on J 2 {it) mapping £ to itself. Let i : £ — > J 2 (n) be an embedding, and i = i x id : 
£ x K — > J 2 (7r) x IX. The invariant 1-forms of Cont(£) are restrictions of the forms (5) 
to £ x K: 6 = i*@o, ®i = C = and <7jj = l*^. The forms # , t,\ and 
have some linear dependencies, i.e., there exists a non-trivial set of functions E°, E\ 
Fi, and G ij on £ x K such that E° + E i 0; + Fj f + G# <r - = 0. These functions are 
lifted invariants of Cont(£). Setting them equal to some constants allows us to specify 
some coordinates a, b k , q, g^ f l \ s^-, u>^, and 2^ as functions of the coordinates on £ 
and the other coordinates on K. 

After these normalizations, a part of the forms 0q = t*<&g, <\)\ = , 0° = £*3>°, 
^ = ^° = v ° = t *T?-, v% = t*T k ip and A ijfc = L*A ijk , or some their 

linear combinations, become semi-basic, i.e., they do not include the differentials of the 
coordinates on K. Setting coefficients of the semi-basic forms equal to some constants, 
we get specifications of some more coordinates on K. 

More lifted invariants can appear as essential torsion coefficients in the reduced 
structure equations 

d9 = 0° A O + C A 9i, 

d9i = 0° A 6 + <p k A 6 k + i k A a tk , 

d^ ^ = ^^e-<P k ^e + i> m A9 + ^ ik A6 k , 

do-ij = $ A a kj — 0o A (Tij + v% A 6 + v% A 6 k + X ljk A 

After normalizing these invariants and repeating the process, two outputs are possible. 
In the first case, the reduced lifted coframe appears to be involutive. Then this coframe 
is the desired set of MC forms for Cont(£). In the second case, when the reduced lifted 
coframe does not satisfy Cartan's test, we should use the procedure of prolongation, [27, 
ch 12]. 



3. Coverings of DEs 

Let 7TQO : J°°(7r) — > R™ be the infinite jet bundle of local sections of the bundle ir. 
The coordinates on J°°(n) are (x l ,u,Ui), where / = (ii,...,i k ) are symmetric multi- 
indices, ii,...,i k G {l,...,n}, and for any local section / of ir there exists a section 
3oo (f) : W 1 -> J°°(7r) such that «/0'oo(/)) = d* I {f)/dx i K..dx i \ #/ = #(ii,...,i fc ) = fc. 
Contact forms on J°°(7r) are defined by the requirement to satisfy joo(f)* $ — for any 
/. They are linear combinations of the forms = duj — undx 1 , #1 > 0. The total 
derivatives on J°°(7r) are defined in the local coordintes as 



Q x l Z_^t Q u 

#I>0 
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We have [Dj, Df\ = for i, j G {1, n} and = D/(i? ), where Dj = o ... o Z? ifc for 
I = ...,i k ). 

A differential equation F(x\u,ui) = 0, #J < q, defines a submanifold 

£°° = {^(F) = | #K > 0} C J°°(7r). 

We denote restrictions of D { and on £°° as and respectively. 

In local coordinates, a covering over £°° is a bundle £°° = £°° x V — > £°° with fibre 
coordinates v K , k G {1, N} or k G N, equipped with extended total derivatives 

A = A + J] ?iV, «, «/, i G {1, .., n}, 

such that = whenever (x l ,u,ui) G £°°. 

In terms of differential forms, the covering is defined by the forms 

= rf^ - u , UJ , v r ) dx i 

such that <i# K = (mod t?^, whenever (x\u,ui) G £°°. We call Wahlquist- 
Estabrook forms (WE forms) of the covering. 

EXAMPLE. System (2), (3) provides an infinite-dimensional covering for (4) with fibre 
coordinates v = v , v k = d k v/dx k , k G N, the extended total derivatives 

°° ~. d 
D t = D t + ^2 D 3 x ((vl -u)v 1 -u y - v u x ) — , 

OO r, 

a 



J'=0 ' 3 



dvi 

and the WE forms 

i?o = dvo — ((vq — u) vi — u y — v u x ) dt — v\ dx — (t> v\ — u x ) dy, 
k = D k x @ o ), keN. 

4. Symmetry pseudo-group and a covering for the modified Khokhlov - 
Zabolotskaya equation 

By the method described in section 2 we compute MC forms and structure equations 
for the pseudo-group of contact symmetries of equation (1). The structure equations 
read 

d9 = ??1 A^ + e 1 A^i+e 2 A^ + C 1 A^ + ?3A 3 , 

Mi = {\02 + e) A 0o+ +e 3 " |^ 22 ) A 0i + {vi + Os-o-22 + e) A 2 + 20 3 A£ 2 
H 1 A a n + (f 1 + e 2 ) A a 12 + £ 3 A <7 13 , 

C?02 = § - M A 2 + ^ A <7i2 + (^ + ^) A (T 22 + A CT23, 
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d6 3 = ± a 22 A O - £ 2 A 2 + ( Vl + ± £ 3 - ^22) A 3 + A <n 3 + £ 3 A ((T12 + (7 22 ) 
+(( 1 +f)Aa 23l 

de = -i {vi + 2 ^ 3 — 3 (T22) a 

d£ 2 = (0 3 - ^0) A e + ± ( Vl + <7 22 ) A £ 2 + (^2 + f) A £ 3 , 

^ 3 = 2(0 2 + e 2 )Ae 1 + ^22Ae 3 , 

tfon = 2 771 A (an + <7i 2 ) + ?72 A + 773 A (^ + £ 2 ) + 774 A £ 3 + a 22 A O 

+3 (2 6 2 - (7 23 ) A 01 + (3 (Jig - 2 CT 23 ) A 2 + (0 3 + 3 (7n + 2 (7i 2 ) A (7 22 , 

da 12 = 771 A ((712 + <7 22 ) + ^3 A f 1 + 775 A £ 3 + \ 0o A (7 22 + ±f 0i A ^ 

+ ± 2 A (11 f 1 + 3 £ 2 + 2 a 23 ) - 3 A C7 22 - 2 (2 <7 13 + a 23 ) A ^ + 2 a 12 A (T 2 2, 

^13 = ! m A (3(7i3 + ^23) + % A e 3 + % A f 1 + m A (f 1 + £ 2 ) + I 0o A (30 2 + 2£ 2 - a 23 ) 
+±0i A (13£ 3 - <7 22 ) + I 02 A (6 3 + 13 £ 3 - 4(7i2 - 2<r 22 ) - 3 A (4£ 2 - a 23 ) 

+ (2 (7n + 3 (7i2 + <7 22 ) A f 1 + (4 (7i2 + 3 (7 22 ) A f 2 + ± ^ 3 A (11 C713 + 6 (7 23 ) 
-±(7 22 A (5(7i3 + 2 0-23), 
d(J 22 = 2 (2 2 + 2 ^ - (7 23 ) A ^ + ^22 A £ 3 , 

^23 = ± Vl A (7 23 + V5 A f 1 + I 02 A (2 f 3 - (7 22 ) + \ £ A (3 (7 22 - 2 £ 3 - 2 (7i 2 ) 

+| e 2 A (2 e 3 - (T22) + ± (5 £ 3 - 3 (7 22 ) A (7 23 , 

^l=e 1 A(02 + e 2 )Ae 1 + ^ 3 A(7 22 , 

tfofc = A i 1 + 7T 2 A (f 1 + £ 2 ) + 7T 3 A £ 3 + ± T/i A (5 77 2 + 6 77 3 - 13 01 + 16 2 - 16 (7i3 

-8 (7 23 ) + 1 772 A (7 22 1 773 A (2 3 - O + 6 CT22) + 5 774 A 2 - 775 A (3 0i + 2 2 ) 

-0 O A (16 02 - 5 (7 23 ) + 0i A (9 (7i2 + 14 (7 22 ) + (32 3 + 26 a u + 5 a 12 - 12 a 22 ) A 2 

+ 10 (7 23 A 3 - 3 (<7i3 - 2 (7 2 3) A a 12 + (7 23 A (9 (7n - 4 (722 ) + 10 (7 22 A (7i 3 , 

= 7T2 A f 1 + tt 4 A £ 3 + ±771 A (6 2 + 8^ + 8£ 2 + 3773) + |t7 3 A (7 22 - 2 7/4 A 
+3775 A (0 2 + 2? + 2£ 2 ) + ±0 O A (24 02 + 41^ + 33 ^ 2 - 3(7 23 ) + f 0i A (r 2 2 
+6 2 A (4 3 - 3 (7i2 ) - 03 A (41 - 33 e 2 - 6 (7 23 ) + 14 ? A <7 n + 20 o 22 A (f 1 + f) 

+ 10 (7i2 A (2 ^ + 3 ^ 2 ) - 3 (7i2 A (7 23 - 3 (Tl3 A (7 2 2, 
^4 = 7T 2 A e 3 + 7T 3 A ^ + 7T4 A (f 1 + £ 2 ) + 2 T/i A (77 4 + 77 5 + 2 f 3 ) + 77 2 A f 1 

+773 A (4 02 + i x + e 2 ) + \ ?74 A (8022 - 21 e 3 ) + 2775 A ((7 22 - £3) + I 0o A (43£ 3 - (7 22 ) 
+±0i A (69 02 - 3^ + 9£ 2 - 9 (7 23 ) + ±0 2 A (4^ + 12£ 2 + 21 a 13 + a 23 ) 
-0 3 A (43 £ 3 - (7 22 ) + ± £ 3 A (67 (7n + 18 a 12 - 28 <7 22 ) + § ffn A (7 22 - 6 tr 13 A (7 23 , 
c/775 = vr 4 A f 1 + \vi A (2775 + 2£ 3 + (7 22 ) - 3773 A f 1 + § ?75 A (2022 - 2£ 3 ) 

-±0 O A (6£ 3 - (7 22 ) - 26 0i A e + ± 2 A (5(723 - 64^ - 3£ 2 ) + ± 3 A (6£ 3 - cr 22 ) 

+ ± f 1 A (12 ^ - 23 (7 L 3 " 19 (7 23 ) + § ^ A (7 23 + f e 3 A ((712 + 2 (7 22 ) + § (712 A o 22 . 

The forms 771, ... ,775 appear in the step of absorption of torsion in the reduced structure 
equations. We have 

e= q dt, 
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6 = ulx Q' 1 (dx + u x dy+ (| u 2 x + u y ) dt) , 
£3 = m m (2u x dt + dy), 

771 = 3 {u xx )~ l du xx -2q~ l dq-\ u xx dy - u x u xx dt, 

with q = b\ 7^ 0. We need not explicit expressions for the other MC forms in the sequel. 
We take a linear combination 

r]i + £ 2 + I £ 3 = 3 (u xx ) _1 du xx - 2 q~ x dq + \ u 2 xx ((\u 2 x + u y ) dt + dx + m x oh/) 

and substitute u xx = v 2 v f, q = \ v 5 v \ . Then we have 

rji + £ 2 + I £ 3 = — 4 (rff — (| w 2 + My) v 1 dt — v 1 dx — u x V\ dy) . 
This form annules whenever v satisfies the following system of PDEs: 

v t = {\u 2 x + u v ) vi, v x = v 1 , v y = u x v 1 . (6) 
Excluding v 1 from this system, we have the covering equations 

v t = (\u 2 x + u y ) v X) v y = u x v x . (7) 

Introducing fibre coordinates vq — v , Vk — d h v/dx h , k G N, we obtain from (6) the 
extended total derivatives 

00 
D t = D t + J2D'Mu 2 x + Uy) Vl )— : 

3=0 3 

00 
Dx = D x + ^v j+1 —, 

3=0 3 

00 
Dy = D y + J2Dl(u x v 1 )— : 

3=0 3 

and the WE forms 



i?o — ^0 — (| u 2 x + Uy) vi dt — v 1 dx — u x vi dy, 

# k = D k x (& ), keN. 

Excluding u from (7), we obtain 

v 2 — V t v x 

Vyy = Vtx H 2 VxX - ( 8 ) 

^X 

Therefore, (7) is a Backlund transformation between equations (1) and (8). 
5. Conclusion 

We have shown that a covering for a nonlinear PDE in three independent variables can 
be revealed by means of Cartan's equivalence method. For the modified Khokhlov-Za- 
bolotskaya equation (1) the covering equations appear from a linear combination of the 
MC forms of its symmetry pseudo-group. While there is the algorithm for computing the 
MC forms, further study is required to enlight the relation between Cartan's structure 
theory of symmetry pseudo-groups and nonlocal aspects of geometry of DEs. 



Symmetry group and a covering for modified Khokhlov-Zabolotskaya equation 



7 



References 

Bryant, R.L. and Griffiths, Ph. A.: Characteristic cohomology of differential systems (II): conser- 
vation laws for a class of parabolic equations, Duke Math. J. 78 (1995), 531-676. 
Cartan, E.: Sur la structure des groupes infinis de transformations. (Euvres Completes, Part II, 

V. 2, 571-714, Paris, Gauthicr - Villars, 1953. 
Cartan, E.: Les sous-groupes des groupes continus de transformations. (Euvres Completes, Part 

II, V. 2, 719-856, Paris, Gauthicr - Villars, 1953. 
Cartan, E.: La structure des groupes infinis. Qiuvres Completes, Part II, V. 2, 1335-1384, Paris, 
Gauthicr - Villars, 1953. 

Cartan, E.: Les problemes d'cquivalence. Qiuvres Completes, Part II, V. 2, 1311-1334, Paris, 
Gauthicr - Villars, 1953. 

Chang, J.-H., Tu, M.-H.: On the Miura map between the dispersionless KP and dispersionless 

modified KP hierarchies, J. Math. Phys. 41 (2000), 5391-5406 
Dodd, R., Fordy, A.: The prolongation structures of quasipolynomial flows, Proc. Roy. Soc. 

London, A 385 (1983), 389-429 
Estabrook F.B.: Moving frames and prolongations algebras, J. Math. Phys. 23 (1982), 2071-2076. 
Fels, M. and Olver, P.J.: Moving coframes. I. A practical algorithm, Acta. Appl. Math. 51 (1998), 
161-213. 

Gardner, R.B.: The method of equivalence and its applications, CBMS-NSF regional conference 

series in applied math., SIAM, Philadelphia, 1989. 
Harrison, B.K.: On methods of finding Backlund transformations in systems with more than two 

independent variables, J. Nonlin. Math. Phys., 2 (1995), 201-215. 
Harrison, B.K. Matrix methods of searching for Lax pairs and a paper by Estevez, Proc. Inst. 

Math. NAS Ukraine, 30 (2000), Part 1, 17-24 
Hoenselaers C: More prolongation structures, Prog. Theor. Phys. 75 (1986), 1014-1029. 
Igonin, S.: Coverings and fundamental algebras for partial differential equations, J.Geom. Phys 
56 (2006), 939-998 

Kamran, N.: Contributions to the study of the equivalence problem of Elie Cartan and its appli- 
cations to partial and ordinary differential equations, Mem. CI. Sci. Acad. Roy. Belg. 45 (1989), 
Fac. 7. 

Zabolotskaya, E.A. and Khokhlov, R.V.: Quasi-plane waves in the nonlinear acoustics of confined 

beams. Sov. Phys. Acoust., 15 (1969), 35-40. 
Krasil'shchik, I.S. and Vinogradov, A.M.: Nonlocal symmetries and the theory of coverings, Acta 

Appl. Math. 2 (1984), 79-86. 
Krasil'shchik, I.S. and Vinogradov, A.M.: Nonlocal trends in the geometry of differential equations: 
symmetries, conservation laws, and Backlund transformations, Acta Appl. Math. 15 (1989), 161— 
209. 

Krasil'shchik, I.S. and Vinogradov, A.M. (eds): Symmetries and conservation laws for differential 
equations of mathematical physics, Transl. Math. Monographs 182, Amer. Math. Soc, Provi- 
dence, 1999. 

Kuz'mina, G.M.: On a possibility to reduce a system of two first-order partial differential equations 
to a single equation of the second order, Proc. Moscow State Pedagogical Institute 271 (1967), 
67-76 (in Russian). 

Marvan, M.: On zero-curvature representations of partial differential equations. Proc. Conf. on 

Diff. Geom. and Its Appl, Opava (Czech Republic), 1992, 103-122. 
Marvan, M.: A direct procedure to compute zero-curvature representations. The case sfo- In: Proc. 
Int. Conf. on Secondary Calculus and Cohomological Physics, Moscow, Russia, August 24-31, 
1997. Available via the Internet at ELibEMS, http://www.emis.de/proceedings. 
Morozov, O.I.: Moving coframes and symmetries of differential equations, J. Phys. A, Math. Gen. 
35 (2002), 2965-2977. 



Symmetry group and a covering for modified Khokhlov-Zabolotskaya equation 



8 



Morozov, O.I.: Contact-equivalence problem for linear hyperbolic equations, J. Math. Sci. 135 
(2006), 2680-2694. 

Morris, H.C.: Prolongation structures and nonlinear evolution equations in two spatial dimensions, 

J. Math. Phys. 17 (1976), 1870-1872. 
Morris, H.C.: Prolongation structures and nonlinear evolution equations in two spatial dimensions: 

a general class of equations, J. Phys. A, Math. Gen., 12 (1979), 261-267. 
Olver, P.J.: Equivalence, invariants, and symmetry, Cambridge, Cambridge University Press, 1995. 
Sakovich, S.Yu.: On zero-curvature representations of evolution equations, J. Phys. A, Math. Gen. 

28 (1995), 2861-2869 

Tondo, G.S.: The eigenvalue problem for the three-wave resonant interaction in (2+1) dimensions 

via the prolongation structure, Lett. Nuovo Cimento 44 (1985), 297-302 
Wahlquist, H.D. and Estabrook F.B.: Prolongation structures of nonlinear evolution equations, J. 

Math. Phys. 16 (1975), 1-7. 
Zakharov, V.E. and Shabat, A.B.: Integration of nonlinear equations of mathematical physics by 

the method of inverse scattering, II, Funct. Anal. Appl. 13 (1980), 166-174. 
Zakharov, V.E.: Intcgrable systems in multidimensional spaces, Lect. Notes Phys. 153 (1982), 

190-216. 



